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We present for the first time the complete twist-4 result for the semi-inclusive deeply inelastic scattering
e−N → e−qX with polarized electron and proton beams at the tree level of pQCD. The calculations have been
carried out using the formulism obtained after collinear expansion where the multiple gluon scattering are taken
into account and gauge links are obtained automatically in a systematical way. The results show in particular
that there are twist-4 contributions to all the eight twist-2 structure functions for e−N → e−hX that correspond
to the eight twist-2 transverse momentum dependent parton distribution functions. Such higher twist effects
could be very significant and therefore have important impacts on extracting these three-dimensional parton
distribution functions from the asymmetry data on e−N → e−hX. We suggest also an approximate way for a
rough estimation of such higher twist contributions.
Introduction — Three-dimensional or transverse momen-
tum dependent (TMD) parton distribution functions (PDFs)
are one of the frontiers in hadron physics in particular in the
study of hadron structure and properties of quantum chromo-
dynamics (QCD) [1, 2]. When the transverse momentum of
the parton is concerned, the sensitive measurable quantities
in high energy reactions are often different azimuthal angle
asymmetries. Higher twist contributions could be very signif-
icant thus play an important role when going from the one-
dimensional to the three-dimensional case.
In contrast to twist-3 contributions that often lead to az-
imuthal asymmetries that are missing when only twist-2 con-
tributions are considered (see e.g. [3–5]), in many cases,
twist-4 contributions are just addenda to twist-2 asymmetries.
Since the asymmetries themselves are usually not very large,
twist-4 contributions can be relatively very significant and
have large influences on determining the twist-2 PDFs from
experimental data. This is particularly the case in view that
most of the data currently available are from experiments at
not very high energies (see e.g. [6–11], or [12] for a recent
review). It is therefore necessary and important to make sys-
tematic studies including higher twist contributions. However,
such a systematic study up to twist-4 is very complicated and
might be even impossible in particular because we need to
deal with quark-2-gluon-quark correlators with three indepen-
dent parton momenta and other related complicated problems.
Higher twist effects in inclusive deeply inelastic lepton-
nucleon scattering (DIS) and Drell-Yan processes have been
studied already in 1980s to 90s [13, 14]. It has been shown
that the collinear expansion is a necessary procedure for ob-
taining the hadronic tensor or the cross section in terms of
gauge invariant one-dimensional PDFs. More recently, it has
been shown that [15] collinear expansion can be extended to
the semi-inclusive DIS process e−N → e−qX, where q de-
notes a quark that corresponds to a jet of hadrons in experi-
ments. In the formulism obtained, the multiple gluon scatter-
ing are taken into account and gauge links are obtained auto-
matically and systematically. Moreover, the expressions for
the hadronic tensor obtained after the collinear expansion are
simple and elegant in the sense that they are given in terms
of PDFs and hard parts. The hard parts are not only calcu-
lable but also simplified to a form independent of the par-
ton momentum, and correspondingly the involved PDFs are
not only gauge invariant but also all defined via quark-quark
or quark- j-gluon-quark correlators with only one independent
parton momentum left. This makes the expressions much sim-
pler and higher twist calculations are more feasible. Based on
this formulism, the complete twist-3 result for e−N → e−qX
and e+e− → hqX have been obtained and are presented in
[15–17]. Although there are still large differences between
e−N → e−qX and e−N → e−hX, the study of the former can
provide useful references at least qualitatively for the latter.
In this paper, we present for the first time the complete
twist-4 result for e−N → e−qX with polarized electron and
nucleon beams. After a brief summary of the general for-
mulism, we calculate the structure functions at the tree level of
pQCD up to twist-4. We present also the results for azimuthal
asymmetries and suggest an approximate method for a rough
estimation of twist-4 contributions.
The formulism — To be explicit, we consider the semi-
inclusive DIS (SIDIS) e−N → e−qX. The cross section is
given in terms of the well-known leptonic tensor Lµν and the
hadronic tensor Wµν as,
dσ =
α2eme
2
q
sQ4 L
µν(l, λl, l′)Wµν(q, p, S , k) d
3l′d3k
(2π)32El′2Ek , (1)
where l, l′, p and k are the 4-momenta of the incident, the out-
going electron, the incident nucleon and the outgoing quark q
respectively; q = l− l′ and Q2 = −q2; λl and S are the helicity
of the electron and the spin of the nucleon.
A general kinematic analysis shows that the cross section
is given in terms of 18 structure functions describing differ-
ent polarization cases and/or azimuthal asymmetries (see e.g.
[4]). In the QCD parton model, after collinear expansion, the
hadronic tensor is expressed in terms of the gauge invariant
quark-quark and quark- j-gluon-quark correlators and calcula-
2ble hard parts [15, 16], Wµν =
∑
j,c ˜W
( j,c)
µν , where j denotes the
number of gluons exchanged and c denotes eventually differ-
ent cuts. After integration over k−, these ˜Wµν’s are simplified
to [16],
˜W (0)µν = Tr[ˆh(0)µν ˆΦ(0)]/2, (2)
˜W (1,L)µν = Tr[ˆh(1)ρµν ϕˆ(1)ρ ]/2p · q, (3)
˜W (2,L)µν = Tr[ ˆN(2)ρσµν ϕˆ(2)ρσ]/4(p · q)2, (4)
˜W (2,M)µν = Tr[ˆh(2)ρσµν ϕˆ(2,M)ρσ ]/4(p · q)2, (5)
where the hard parts are reduced to the simple forms indepen-
dent of the parton momentum, i.e., ˆh(0)µν = γµ/nγν/p+, ˆh(1)ρµν =
γµ /¯nγ
ρ
⊥/nγν, ˆN
(2)ρσ
µν = q−γµγ
ρ
⊥/nγ
σ
⊥γν,
ˆh(2)ρσµν = γµγρ⊥/pγσ⊥γν, γ
ρ
⊥ ≡
gρσ⊥ γσ and g
ρσ
⊥ ≡ gρσ− n¯ρnσ− n¯σnρ. The involved quark-quark
and quark- j-gluon-quark correlators are given by,
ˆΦ(0)(x, k⊥) =
∫
p+dy−d2y⊥
(2π)3 e
ixp+y−−i~k⊥·~y⊥
× 〈N| ¯ψ(0)L(0, y)ψ(y)|N〉, (6)
ϕˆ(1)ρ (x, k⊥) =
∫
p+dy−d2y⊥
(2π)3 e
ixp+y−−i~k⊥ ·~y⊥
× 〈N| ¯ψ(0)D⊥ρ(0)L(0, y)ψ(y)|N〉, (7)
ϕˆ(2)ρσ(x, k⊥) =
∫
p+dy−d2y⊥
(2π)3
∫ ∞
0
ip+dz−eixp+y−−i~k⊥ ·~y⊥
× 〈N| ¯ψ(0)L(0, z)D⊥ρ(z)D⊥σ(z)L(z, y)ψ(y)|N〉, (8)
ϕˆ(2,M)ρσ (x, k⊥) =
∫
p+dy−d2y⊥
(2π)3 e
ixp+y−−i~k⊥ ·~y⊥
× 〈N| ¯ψ(0)D⊥ρ(0)L(0, y)D⊥σ(y)ψ(y)|N〉, (9)
where Dρ = −i∂ρ + gAρ, and L(0, y) is the well-known gauge
link. We see that the involved ϕˆ( j) are all D-type and are sim-
plified to depend only on one independent parton momentum.
In e−N → e−qX, where the fragmentation is not considered,
only chiral even PDFs are involved. We need only the γα- and
γ5γ
α
-terms in the expansion of the correlator in terms of the
Γ-matrices, e.g., ˆΦ(0) = (Φ(0)α γα − ˜Φ(0)α γ5γα + · · · )/2.
Up to twist-4, we need the complete Lorentz decomposi-
tions of Φ(0)α and ˜Φ(0)α . The twist-4 parts are given by [18],
Φ
(0)
3α =
M2
p+
nα
(
f3 − ε
kS
⊥
M
f⊥3T
)
, (10)
˜Φ
(0)
3α = −
M2
p+
nα
(
λhg3L −
k⊥ · S T
M
g⊥3T
)
, (11)
where εkS⊥ = ε⊥αβkα⊥S
β
T and ε⊥αβ = εαβρσn¯ρnσ. Here, we use
the naming system as that used in [4, 16–19], where f ’s and
g’s are defined from the γα- and γ5γα-term respectively; a digit
j in the subscript stands for twist-( j + 1), those without j are
for twist-3; the subscript T or L denotes hadron polarization,
those without T or L denote unpolarized. A subscript 3 is
added to Φ and ˜Φ to denote the twist-4 parts only. We see that
there are 4 chiral even twist-4 TMD PDFs defined via ˆΦ(0).
For ϕˆ(1) and ϕˆ(2), the chiral even twist-4 parts are,
ϕ(1)3ρα =M
2g⊥ρα
(
f3d − ε
kS
⊥
M
f⊥3dT
)
+
(
k⊥ρk⊥σ −
k2⊥
2
g⊥ρσ
)(
f⊥3d +
εkS⊥
M
f⊥23dT
)
+ iM2ε⊥ρα
(
λh f3dL − k⊥ · S TM f
⊥3
3dT
)
+ (k⊥{ρ ˜k⊥α}/2)
(
λh f⊥3dL +
k⊥ · S T
M
f⊥43dT
)
, (12)
ϕ˜
(1)
3ρα =iM
2ε⊥ρα
(
g3d −
εkS⊥
M
g⊥3dT
)
+ i(k⊥{ρ ˜k⊥α}/2)
(
g⊥3d +
εkS⊥
M
g⊥23dT
)
+ M2g⊥ρα
(
λhg3dL −
k⊥ · S T
M
g⊥33dT
)
+ i
(
k⊥ρk⊥α −
k2⊥
2 g⊥ρα
)(
λhg⊥3dL +
k⊥ · S T
M
g⊥43dT
)
, (13)
ϕ(2)3ρσα =p
+n¯α
[
M2g⊥ρσ
(
f3dd − ε
kS
⊥
M
f⊥3ddT
)
+
(
k⊥ρk⊥σ −
k2⊥
2
g⊥ρσ
)(
f⊥3dd +
εkS⊥
M
f⊥23ddT
)
+ iM2ε⊥ρσ
(
λh f3ddL − k⊥ · S TM f
⊥3
3ddT
)
+ (k⊥{ρ ˜k⊥σ}/2)
(
λh f⊥3ddL +
k⊥ · S T
M
f⊥43ddT
)]
, (14)
ϕ˜
(2)
3ρσα =p
+n¯α
[
iM2ε⊥ρσ
(
g3dd −
εkS⊥
M
g⊥3ddT
)
+ (k⊥{ρ ˜k⊥σ}/2)
(
g⊥3dd +
εkS⊥
M
g⊥23ddT
)
+ M2g⊥ρσ
(
λhg3ddL −
k⊥ · S T
M
g⊥33ddT
)
+
(
k⊥ρk⊥σ −
k2⊥
2
g⊥ρσ
)(
λhg⊥3ddL +
k⊥ · S T
M
g⊥43ddT
)]
, (15)
where we, as in [19], add in the subscript a lower case letter d
or a dd to denote TMDs defined via the D-type quark-gluon-
quark or quark-2-gluon-quark correlator; ˜k⊥α ≡ ε⊥αβkβ⊥, and
k⊥{ρ ˜k⊥α} ≡ k⊥ρ ˜k⊥α + k⊥α ˜k⊥ρ. Besides the superscript M, those
for ϕˆ(2,M) are exactly the same as ϕˆ(2). Since there are more
than one f⊥3dT ’s and g⊥3dT ’s according to the naming rules, we
introduce an additional digit in the superscript to distinguish
them from each other. They are similar in decompositions of
ϕˆ(1) and ϕˆ(2). Totally we have 4 f⊥3dT ’s associated with the four
independent Lorentz tensors g⊥ρα, (k⊥ρk⊥σ − k2⊥g⊥ρσ/2), ε⊥ρα
and k⊥{ρ ˜k⊥α} respectively; while g⊥3dT to g
⊥4
3dT are associated
with ε⊥ρα, k⊥{ρ ˜k⊥α}, g⊥ρα, (k⊥ρk⊥σ − k2⊥g⊥ρσ/2) respectively.
The four Lorentz tensors are orthogonal to each other.
We see that for the twist-4 parts, the decompositions of ϕ
and ϕ˜ have exact one to one correspondence. For each f3,
there is correspondingly a g3. They always appear in pair. We
have totally 8 such pairs from ϕˆ(1), ϕˆ(2) and ϕˆ(2,M) respectively.
Due to the Hermiticity of ˆΦ(0) and ϕˆ(2,M), PDFs defined via
these two correlators are real. However, those defined via ϕˆ(1)
and ϕˆ(2) are complex containing both real and imaginary parts.
3From the QCD equation of motion, γ · Dψ = 0, we obtain
a series of relationships between the TMD PDFs defined via
ϕˆ( j) and those defined via ˆΦ(0). For the chiral even twist-3 part,
they can be given in the unified form [19],
f KdS + gKdS = x( f KS + igKS ), (16)
where S =null, L or T and K =null or ⊥ whenever applicable.
Using the relationships given by Eq. (16), we can replace all
the TMD PDFs defined via ϕˆ(1) by those defined via ˆΦ(0) in the
final twist-3 results for the hadronic tensor in SIDIS [4, 16],
and similar for e+e−-annihilations [17, 19]. Similarly, for the
chiral even twist-4 part, we obtain,
x2 f3 = x f−3d = − f M−3dd, x2 f⊥3T = x f⊥−3dT = − f M⊥−3ddT , (17)
x2g3L = x f−3dL = − f M−3ddL, x2g⊥3T = x f⊥3−3dT = − f M⊥3−3ddT , (18)
where f± ≡ f ± g such as f−3d ≡ f3d − g3d and so on. We
note that Eqs. (17-18) represent 12 real equations and can be
used to replace those independent twist-4 TMD PDFs in par-
ton model results for cross section.
The operator expressions of these twist-4 TMD PDFs can
be obtained by reversing the corresponding equations for
Lorentz decompositions. When the multiple gluon scattering
is taken into account, these higher twist TMD PDFs are all
new and much involved. They reflect not only the parton dis-
tributions but also quantum inference effects in the scattering.
There is little data available that gives direct insights on them.
However, if we neglect the multiple gluon scattering, i.e., put
g = 0, we obtain a set of simple equations relating them to the
twist-2 counterparts. They could be helpful in understanding
the significances of these higher twist PDFs in particular at the
present stage.
By putting g = 0 into Eqs. (6-9), we relate ϕˆ( j) to ˆΦ(0),
i.e., ϕˆ(1)ρ = −k⊥ρ ˆΦ(0), ϕˆ(2,M)ρσ = k⊥ρk⊥σ ˆΦ(0), and ϕˆ(2)ρσ + ϕˆ(2)†σρ =
k⊥ρk⊥σ∂ ˆΦ(0)/∂x. Together with the equation of motion, these
relationships relate all higher twist PDFs to leading twist ones.
For those defined via ϕˆ(1), we have,
x f3d = k
2
⊥
2M2
x f⊥3d = x2 f3 = −
k2⊥
2M2
f1, (19)
xg3dL = i
k2⊥
2M2
xg⊥3dL = −x
2g3L =
k2⊥
2M2
g1L, (20)
x f⊥3dT = −
k2⊥
2M2
x f⊥23dT = x2 f⊥3T = −
k2⊥
2M2
f⊥1T , (21)
xg⊥33dT = −i
k2⊥
2M2
xg⊥43dT = −x
2g⊥3T =
k2⊥
2M2
g⊥1T , (22)
and all the others vanish. For those defined via ϕˆ(2), we have,
2Re f3dd = 2Re k
2
⊥
2M2
f⊥3dd =
k2⊥
2M2
∂
∂x
f1, (23)
2Reg3ddL = 2Re
k2⊥
2M2
g⊥3ddL = −
k2⊥
2M2
∂
∂x
g1L, (24)
2Re f⊥3ddT = −2Re
k2⊥
2M2
f⊥23ddT =
k2⊥
2M2
∂
∂x
f⊥1T , (25)
2Reg⊥33ddT = −2Re
k2⊥
2M2
g⊥43ddT = −
k2⊥
2M2
∂
∂x
g⊥1T , (26)
and all the others vanish. Time reversal invariance demands
f⊥1T = 0 in this case [22].
The complete twist-4 result — We substitute the Lorentz
decompositions of the quark-quark and quark- j-gluon-quark
correlators given by Eqs. (10-15) into Eqs. (2-5), carry out the
calculations, and obtain the hadronic tensor and cross section
up to twist-4. We compare the results with the general form
of the cross section given in e.g. [4] and obtain the structure
functions as,
WUU,T = x f1 + 4x2κM f+3dd, (27)
WUU,L = 8x3κM f3, (28)
Wcos 2φUU = −2x
2κM
|~k⊥|2
M2
f⊥−3d , (29)
Wsin 2φUL = 2x
2κM
~|k⊥|2
M2
f⊥+3dL, (30)
WLL = xg1L + 4x2κM f+3ddL, (31)
Wsin(φ−φS )UT,T =
|~k⊥|
M
(x f⊥1T + 4x2κM f⊥+3ddT ), (32)
Wsin(φ−φS )UT,L = 8x
3κM
|~k⊥|
M
f⊥3T , (33)
Wsin(φ+φS )UT = −x
2κM
|~k⊥|3
M3
( f⊥4+3dT + f⊥2−3dT ), (34)
Wsin(3φ−φS )UT = −x
2κM
|~k⊥|3
M3
( f⊥4+3dT − f⊥2−3dT ), (35)
Wcos(φ−φS )LT =
|~k⊥|
M
(
xg⊥1T + 4x
2κM f⊥3+3ddT
)
, (36)
where κM = M2/Q2 symbolizing twist-4 contributions. Only
the real part of the TMD PDF contributes and this is true for all
the twist-4 PDFs involved in Eqs. (27-36) so we just omit the
symbol Re for clarity of the equation. For the same reason, we
omit the overall factor e2q and a sum over flavor is also implicit.
To differentiate them from those for e−N → e−hX where frag-
mentation is also involved, we use W with the same sub- and
superscripts to represent the counterpart of F. We present here
the 10 structure functions that have twist-4 contributions. The
other 8 structure functions describe the azimuthal asymme-
tries given by either the cosine or sine of a single φ or φS or
2φ − φS , and have only twist-3 contributions up to twist-4.
These twist-3 results can be found e.g. in [16].
From the results given by Eqs. (27)-(36), we see clearly the
following distinct features:
(1) Up to twist-4, all 18 structure functions are non-zero.
Besides those 8 that have twist-3 as leading power contribu-
tions, all the rest 10 have twist-4 contributions. For e−N →
e−qX that we consider here, 4 of them have twist-2 and the
other 6 have twist-4 as leading power contributions. And all
the 4 twist-2 structure functions have twist-4 addenda to them.
It is also very interesting and important to note that the twist-3
part contributes to azimuthal asymmetries that are all missing
at either twist-2 or twist-4 hence can be studied separately.
However the twist-4 and twist-2 contributions may mixed up
4with each other and give rise to the same asymmetry hence are
difficult to separate them from each other.
(2) We recall that for e−N → e−hX where fragmentation
is considered, there are 8 twist-2 structure functions F’s that
correspond to the 8 twist-2 TMD PDFs. We see that all the
W’s corresponding to them have twist-4 contributions. This
means that we have to consider twist-4 contributions if we
use data on e−N → e−hX to extract the corresponding twist-2
TMD PDFs. Since e−N → e−hX is one of the major sources
for the data [12] now available for extracting TMD PDFs, it
is thus important to study these twist-4 contributions to get
correct and precise knowledge even on twist-2 TMDs.
(3) If we consider e−N → e−hX, besides WUU,L and
Wsin(φ−φS )UT,L , all the twist-4 contributions are addenda to twist-
2 structure functions. Since WUU,L is added to WUU,T and
Wsin(φ−φS )UT,L to W
sin(φ−φS )
UT,T to give the final observable effects, this
means that all the twist-4 contributions are addenda to twist-2
contributions in e−N → e−hX. This makes it very difficult to
separate them from each other. A clean and perhaps practical
way to study twist-4 effects is to study e−N → e−qX, i.e. by
measuring the jet production. In this case we have 6 structure
functions that have twist-4 as the leading power contributions
and 4 of them correspond to separate azimuthal asymmetries.
Correspondingly, there are two twist-2 azimuthal asymme-
tries for e−N → e−qX and, up to twist-4, they are given by,
〈sin(φ − φS )〉UT = |
~k⊥|
2M
f⊥1T
f1 (1 − αUT κM), (37)
〈cos(φ − φS )〉LT = |
~k⊥|
2M
y(2 − y)
A(y)
g⊥1T
f1 (1 − αLT κM), (38)
where A(y) = 1+ (1− y)2, and the twist-4 modification factors
are given by,
αUT = αUU − 16x2
1 − y
A(y)
f⊥3T
f⊥1T
− 4x
f⊥
+3ddT
f⊥1T
, (39)
αLT = αUU − 4x
f⊥3
+3ddT
g⊥1T
, (40)
where αUU is due to twist-4 contributions to WUU . It is the
ratio of the twist-4 to twist-2 contributions in unit of κM, i.e.,
αUU = 16x2
1 − y
A(y)
f3
f1 + 4x
f+3dd
f1 . (41)
There are 4 twist-4 azimuthal asymmetries given by,
〈cos 2φ〉UU = −2κM
|~k⊥|2
M2
1 − y
A(y)
x f⊥
−3d
f1 , (42)
〈sin 2φ〉UL = 2κM
|~k⊥|2
M2
1 − y
A(y)
x f⊥
+3dL
f1 , (43)
〈sin(φ + φS )〉UT = −xκM |
~k⊥|3
M3
1 − y
A(y)
( f⊥4
+3dT
f1 +
f⊥2
−3dT
f1
)
, (44)
〈sin(3φ − φS )〉UT = −xκM |
~k⊥|3
M3
1 − y
A(y)
( f⊥4
+3dT
f1 −
f⊥2
−3dT
f1
)
. (45)
They have only twist-4 contributions up to this level and can
therefore serve as good places to study such twist-4 effects.
It is clear that if we insert the relationships given by
Eqs. (19-26) into Eqs. (37-45) , we obtain that results for g = 0
such as those obtained in [20, 21]. The deviations from them
reflect the effects of multiple gluon scattering.
We note in particular that by replacing φ by φh, the 6 az-
imuthal asymmetries given by Eqs. (37-38) and (42-45) are
just the 6 twist-2 asymmetries in e−N → e−hX. Measure-
ments of them are one of the major tools that we use to extract
twist-2 TMDs. Here we see clearly that, even if the fragmen-
tation part is not considered, there are twist-4 contributions to
all of them. We emphasize that the factor (1 − αUUκM) is due
to the twist-4 contributions to WUU . It exists for all azimuthal
asymmetries that have twist-2 contributions. This means that
this is the least modification factor that we have for all the 6
twist-2 azimuthal asymmetries for e−N → e−hX.
In view of that Q2 from experiments such as HERMES or
JLab (see e.g. [7, 9]) are usually from 1 to 10GeV2 so κM
takes values from 0.1 to 1, the twist-4 modifications can be
quite large depending on the coefficient of κM in equations
given above. A reliable estimation of these twist-4 contri-
butions depend on the unknown twist-4 PDFs involved. We
note that there are totally 18 independent twist-4 TMD PDFs
involved in the final results, 2 from ˆΦ(0), 4 pairs from ϕˆ(1),
and 4 pairs from ϕˆ(2). These twist-4 TMDs contain informa-
tion on intrinsic parton distribution in nucleon and effects of
multiple gluon scattering contained in the gauge link. They
contain in particular quantum inference effects in the multiple
gluon scattering thus there are no simple probability interpre-
tations. Clearly, there is a long way to go to make precise
measurements of all of them. Presently, being lack of knowl-
edge about these twist-4 TMD PDFs, as a crude approxima-
tion, we suggest to use relationships between the higher twist
and the twist-2 TMDs obtained at g = 0 given by Eqs. (19-25)
and assume that they are approximately valid also at g , 0 to
make rough estimations of twist-4 effects.
In this case, we obtain that 〈sin 2φ〉UL ≈ 0, the other three
twist-4 asymmetries become,
〈cos 2φ〉UU ≈ 2κM
|~k⊥|2
M2
1 − y
A(y) , (46)
〈sin(φ + φS )〉UT ≈ −κM |
~k⊥|3
M3
1 − y
A(y)
f⊥1T
f1 , (47)
〈sin(3φ − φS )〉UT ≈ κM |
~k⊥|3
M3
1 − y
A(y)
f⊥1T
f1 , (48)
and the modification factors for the two twist-2 asymmetries
given by Eqs. (37-38) become,
αUT ≈
|~k⊥|2
M2
[
−
∂ ln f1
∂ ln x
+
∂ ln f⊥1T
∂ ln x
]
, (49)
αLT ≈
|~k⊥|2
M2
[8(1 − y)
A(y) −
∂ ln f1
∂ ln x
−
∂ ln g⊥1T
∂ ln x
]
, (50)
αUU ≈
|~k⊥|2
M2
[8(1 − y)
A(y) −
∂ ln f1
∂ ln x
]
, (51)
5where we see that the first term in the square bracket for αLT
or αUU can already reach 4 and the second term is additive
to it. This shows that the twist-4 contributions could indeed
be very significant. At the present stage, Eqs. (46- 51) could
serve as a rough estimation of them in SIDIS.
Summary — In summary, benefited from the collinear ex-
pansion, we carried out the calculations up to twist-4 and
present for the first time the complete twist-4 result for e−N →
e−qX with polarized beam and target. The results show that,
among the 18 structure functions, besides the 8 that have only
twist-3 contributions, all the other 10 have twist-4 contribu-
tions. We show in particular that among these twist-4 contri-
butions, 4 correspond to azimuthal asymmetries where twist-
4 are the leading power contributions in e−N → e−qX and
can serve as good places to study these twist-4 effects. We
show also that for all the 8 twist-2 structure functions for
e−N → e−hX that correspond to the 8 twist-2 TMD PDFs,
there are twist-4 addenda to them. These twist-4 contributions
could be quite significant and have strong impact on the study
of TMD PDFs in particular in the energy regions of existing
DIS experiments such as HERMES and those in JLab. We
suggest an approximate way for rough estimations of twist-4
contributions using corresponding twist-2 PDFs.
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